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ON ORBIFOLD CONSTRUCTIONS ASSOCIATED WITH THE LEECH
LATTICE VERTEX OPERATOR ALGEBRA
CHING HUNG LAM AND HIROKI SHIMAKURA
Abstract. In this article, we study orbifold constructions associated with the Leech
lattice vertex operator algebra. As an application, we prove that the structure of a
strongly regular holomorphic vertex operator algebra of central charge 24 is uniquely
determined by its weight one Lie algebra if the Lie algebra has the type A33,4A1,2, A
2
4,5,
D4,12A2,6, A6,7, A7,4A
3
1,1
, D5,8A1,2 or D6,5A
2
1,1
by using the reverse orbifold construc-
tion. Our result also provides alternative constructions of these vertex operator algebras
(except for the case A6,7) from the Leech lattice vertex operator algebra.
1. Introduction
In this article, we continue our program on classification of holomorphic vertex op-
erator algebras (VOAs) of central charge 24 based on the 71 possible weight one Lie
algebra structures in Schellekens’ list ([Sc93, EMS]). This program can be divided into
two parts— the existence and the uniqueness parts. Recently, the existence part, that
is, constructions of 71 holomorphic VOAs of central charge 24, has been established
([FLM88, Bo86, DGM96, La11, LS12, Mi13, SS16, LS16a, LS16b, EMS, LL]). The re-
maining question is to prove that the holomorphic VOA structure is uniquely determined
by its weight one Lie algebra if the central charge is 24. Up to now, the uniqueness has
been established for 57 cases in [DM04b, LS15, LS, LL, KLL, EMS2].
In [LS], a general method for proving the uniqueness of a holomorphic VOA V with
V1 6= 0 has been proposed (see Section 2.6 for detail). Roughly speaking, the main idea
is to “reverse” the original orbifold construction and to reduce the uniqueness problem
of holomorphic VOAs to the uniqueness of some conjugacy classes of the automorphism
groups of some “known” holomorphic VOAs, such as lattice VOAs. In particular, explicit
knowledge about the full automorphism groups of the “known” VOAs plays an important
role in this method.
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In this article, we will establish the uniqueness for more cases. Our approach based on
the Leech lattice VOA is motivated by the case A6,7. In [LS16b], a holomorphic VOA V of
central charge 24 with V1 = A6,7 was constructed by applying a Z7-orbifold construction
to the Leech lattice VOA and a non-standard lift of an order 7 isometry of the Leech
lattice. The case A6,7 is somewhat special because it is the only case in Schellekens’
list that contains an affine VOA of level 7. If we apply an orbifold construction to a
holomorphic VOA V of central charge 24 with V1 = A6,7 and a suitable automorphism
of finite order, it seems that the weight one Lie algebra of the resulting VOA is either
abelian or isomorphic to A6,7 (cf. [LS16a, Proposition 5.5]). Therefore, in some sense,
the construction in [LS16b] from the Leech lattice VOA is the only way for obtaining a
holomorphic VOA with the weight one Lie algebra A6,7 by using orbifold constructions.
In order to apply the method in [LS] and to prove the uniqueness for the case A6,7,
we will try to “reverse” the above orbifold construction associated with the Leech lattice
VOA. Namely, we should define an automorphism σ of a holomorphic VOA V with V1 =
A6,7 so that the Leech lattice VOA is obtained by applying the orbifold construction
to V and σ. Indeed, we will define σ as an order 7 inner automorphism such that the
restriction to the weight one Lie algebra V1 is regular, that is, the fixed-point subalgebra
is abelian. Since the weight one Lie algebra of the Leech lattice VOA is abelian, it seems
that such an automorphism of V is the only possible choice. We can easily confirm the
necessary conditions on σ for the Z7-orbifold construction. In addition, we will show
that the orbifold construction associated with V and σ actually gives the Leech lattice
VOA; it is enough to prove that the dimension of V1 is 24 by Schellekens’ list. This will be
verified by using the dimension formulae on V1 ([Mo94, Mo¨, EMS2]). In order to apply the
formulae, we prove that for 1 ≤ i ≤ 6, the conformal weight of the irreducible σi-twisted
V -module is at least 1 by using a similar combinatorial argument as in [LS].
The remaining task is to prove the uniqueness of the conjugacy class of the auto-
morphism ϕ in the automorphism group AutVΛ of the Leech lattice VOA VΛ under the
assumption that the orbifold construction associated with VΛ and ϕ gives the original
holomorphic VOA V . By [DN99], Aut VΛ is an extension of the isometry group O(Λ)
of the Leech lattice Λ by an abelian group (C×)24. Hence we have ϕ = σφg for some
inner automorphism σ ∈ (C×)24 and a standard lift φg of an isometry g of Λ. The as-
sumption on ϕ gives some constraints, such as dimension or weights for (V ϕΛ )1-modules,
on the weight one subspaces of the fixed-point subalgebra and the irreducible ϕ-twisted
VΛ-module. These constraints turn out to be sufficient to determine the conjugacy class of
g in O(Λ) uniquely. In addition, we verify that, under the constraints above, σ ∈ (C×)24
is unique up to conjugation by the centralizer CO(Λ)(g) of g in O(Λ). Thus ϕ belongs to
the unique conjugacy class in Aut VΛ.
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By the structure of Aut VΛ, it is easier to handle this group than the automorphism
group of the other Niemeier lattice VOA, which is an advantage for using the Leech
lattice VOA. Indeed, the uniqueness of conjugacy classes of this group can be verified
by calculations on the Leech lattice and its isometry group, the Conway group. The
technical details on finite order automorphisms of (semi)simple Lie algebras in [Ka90] (cf.
[LS, EMS2]) are not necessary in our argument. Instead, we use some known facts about
the Conway group and the Leech lattice (cf. [Wi83, HL90, HM16]).
In addition to the case A6,7, we also establish the uniqueness for six other cases by the
same manner: A33,4A1,2, A
2
4,5, D4,12A2,6, A7,4A
3
1,1, D5,8A1,2 and D6,5A
2
1,1. Our main result
is as follows.
Theorem 1.1. The structure of a strongly regular holomorphic vertex operator algebra of
central charge 24 is uniquely determined by its weight one Lie algebra if the Lie algebra
has the type A33,4A1,2, A
2
4,5, D4,12A2,6, A6,7, A7,4A
3
1,1, D5,8A1,2 or D6,5A
2
1,1.
Our result also implies that holomorphic VOAs whose weight one Lie algebras have
the type A33,4A1,2, A
2
4,5, D4,12A2,6, A7,4A
3
1,1, D5,8A1,2 and D6,5A
2
1,1 can be constructed from
the Leech lattice VOA by orbifold constructions. We remark that the uniqueness for the
cases A33,4A1,2 and A
2
4,5 are proved in [EMS2] by using the orbifold construction from the
Niemeier lattices with root lattice D64 and A
6
4, respectively. Hence there are still 9 Lie
algebras, including V1 = 0 case, that the corresponding uniqueness result has not been
established yet (see Remark 6.8 for explicit types).
The organization of the article is as follows: In Section 2, we review some preliminary
results about integral lattices, Lie algebras and VOAs. In Section 3, we review some
facts about conjugacy classes of the Conway group and sublattices of the Leech lattice;
these facts are verified by the computer algebra system MAGMA ([BCP97]). In Section
4, we review some basic properties of lattice VOAs, their automorphism groups and
irreducible twisted modules. We also discuss (standard) lifts of isometries of a lattice
in the automorphism group of the lattice VOA. In Section 5, we prove the uniqueness of
certain conjugacy classes of the automorphism group of the Leech lattice VOA under some
assumptions on the fixed-point subspaces and irreducible twisted modules. The proofs
are based on the results in Section 3. In Section 6, we prove the main theorem by using
the reverse orbifold construction (Section 2.6) and the results in Section 5.
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Notations
(·|·) the positive-definite symmetric bilinear form of a lattice, or
the normalized Killing form so that (α|α) = 2 for any long root α.
〈·|·〉 the normalized symmetric invariant bilinear form on a VOA V
so that 〈1|1〉 = −1, equivalently, 〈a|b〉1 = a(1)b for a, b ∈ V1.
Lg, Lg for an isometry g of L, L
g = {v ∈ L | g(v) = v} and Lg = {v ∈ L | (v|Lg) = 0}.
Lg(k, 0) the simple affine VOA associated with a simple Lie algebra g at level k.
Lg(k, λ) the irreducible Lg(k, 0)-module with the highest weight λ.
Λ the Leech lattice.
Λ(g, p, q) {x+ P g0 (Λ) ∈ pΛg/P g0 (Λ) | (x+ P g0 (Λ))(q) 6= ∅} for g ∈ O(Λ) and p, q ∈ Q,
where (x+ P g0 (Λ))(q) = {y ∈ x+ P g0 (Λ) | (y|y) = q}.
M (u) the σu-twisted V -module constructed from a V -module M by Li’s ∆-operator.
µ the canonical surjective map from AutVL to O(L) when L has no roots.
M(S) the square matrix indexed by a set S ⊂ Rm with the entry 2(x|y)(x|x) , x, y ∈ S.
O(L) the isometry group of a lattice L.
φg a standard lift of an isometry g of L to O(Lˆ).
P g0 the orthogonal projection from R⊗Z L to R⊗Z Lg.
Π(M) the set of h-weights of a module M
for a reductive Lie algebra and a Cartan subalgebra h.
σu the inner automorphism exp(−2pi
√−1u(0)) of a VOA V associated with u ∈ V1.
V σ the set of fixed-points of an automorphism σ of a VOA V .
V [σ] the irreducible σ-twisted module for a holomorphic VOA V .
V˜σ the VOA obtained by the orbifold construction associated with V and σ.
Xn,k (the type of) a simple Lie algebra whose type is Xn and level is k.
2. Preliminary
In this section, we will review basics about integral lattices, Lie algebras and VOAs.
2.1. Even lattices. Let (·|·) be a positive-definite symmetric bilinear form on Rm. A
subset L of Rm is called a lattice of rank m if L has a basis e1, e2, . . . , em of R
m satisfying
L =
⊕m
i=1 Zei. Let L
∗ denote the dual lattice of a lattice L of rank m, that is,
L∗ = {v ∈ Rm | (v|L) ⊂ Z}.
A lattice L is said to be even if (v|v) ∈ 2Z for all v ∈ L, and is said to be unimodular
if L = L∗. Note that any even lattice L is integral, i.e., (v|w) ∈ Z for all v, w ∈ L. For
v ∈ Rm, we call (v|v) the (squared) norm of v and often denote it by |v|2.
Lemma 2.1. Let L be a lattice and let M be a direct summand sublattice of L as an
abelian group. Let N = {v ∈ L | (v|M) = 0}. Then for any v ∈ M∗, there exists x ∈ L∗
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such that v− x ∈ N∗. In particular, M∗ is equal to the image of L∗ under the orthogonal
projection from R⊗Z L to R⊗Z M .
Proof. Let v ∈ M∗. Since M is a direct summand of L, there exists x ∈ L∗ such that
(v|α) = (x|α) for all α ∈ M . Hence (v − x|M) = 0. It follows from (v|N) = 0 and
(x|N) ⊂ Z that v − x ∈ N∗. 
Let L be a lattice. A group automorphism g of L is called an isometry of L if
(g(v)|g(w)) = (v|w) for all v, w ∈ L. Let O(L) denote the isometry group of L. For
g ∈ O(L), let Lg denote the fixed-point set of g, that is, Lg = {v ∈ L | g(v) = v}. Clearly
Lg is a sublattice of L, and it is a direct summand of L as an abelian group. Let P g0
denote the orthogonal projection from R⊗Z L to R⊗Z Lg, i.e.,
(2.1) P g0 =
1
n
n−1∑
i=0
gi,
where n is the order of g. The following lemma is immediate from Lemma 2.1.
Lemma 2.2. Let L be an even unimodular lattice and g ∈ O(L). Then P g0 (L) = (Lg)∗.
2.2. Regular automorphisms of simple Lie algebras. Let g be a simple finite-
dimensional Lie algebra over the complex field C. Take a Cartan subalgebra h. Let
(·|·) be the normalized Killing form on g such that (α|α) = 2 for any long root α. Here
we identify h with h∗ via (·|·). For a root β, the vector β∨ = 2β
(β|β)
is called a coroot. Fix
the simple roots α1, . . . , αm. The fundamental weights Λ1, . . . ,Λm (resp. the fundamental
coweights Λ∨1 , . . . ,Λ
∨
m) are defined by (α
∨
i |Λj) = δi,j (resp. (αi|Λ∨j ) = δi,j) for all i, j.
Definition 2.3. A finite order automorphism of a (semi)simple finite-dimensional Lie
algebra (over C) is said to be regular if the fixed-point Lie subalgebra is abelian.
Lemma 2.4 ([Ka90, Exercise 8.11]). The minimum order of a regular automorphism of
a simple finite-dimensional Lie algebra is the Coxeter number h. Moreover,
(2.2) exp(2pi
√−1ad( 1
h
ρ˜))
is a unique order h regular automorphism, up to conjugation, where ρ˜ =
∑m
i=1 Λ
∨
i .
Next, we will consider some matrix related to a finite set in Rm:
Definition 2.5. Let S be a finite set in Rm \ {0}. We define M(S) to be the square
matrix indexed by S with the entry 2(x|y)
(x|x)
, x, y ∈ S. For finite sets S, S ′ ⊂ Rm \ {0}, the
matrices M(S) and M(S ′) are equivalent if |S| = |S ′| and there exists a permutation
matrix P such that M(S) = P−1M(S ′)P .
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For example, if S is the set of simple roots of a root system (resp. affine root system),
then M(S) is a Cartan matrix (resp. generalized Cartan matrix).
For a g-module M , an element γ ∈ h is called an h-weight of M , or simply a weight,
if {x ∈ M | ad(a)x = (a|γ)x, (a ∈ h)} 6= {0}. Note that h-weights are also defined for
semisimple Lie algebra by the same manner. Let Π(M) denote the set of h-weights of M .
If dimM < ∞, then Π(M) is a finite set in the Q-vector space spanned by roots. This
allows us to consider the matrix M(Π(M)) if 0 /∈ Π(M) (see Definition 2.5).
Let σ be a regular automorphism of g of order n. Assume that n is equal to the Coxeter
number h of g. Then, σ is given by (2.2), up to conjugation, and h is a Cartan subalgebra
of gσ. For i ∈ Z, set g(i) = {x ∈ g | σ(x) = exp((i/n)2pi
√−1)x}. Then g(0) = gσ and g(i)
is a finite-dimensional gσ-module.
Lemma 2.6. Assume that i is relatively prime to n. Then, the matrix M(Π(g(i))) is
equivalent to the generalized Cartan matrix of the affine root system of g.
Proof. By the assumption on i, there exists j ∈ Z such that ij ≡ 1 (mod n). Then σj
is also a regular automorphism of order n. By Lemma 2.4, σj is conjugate to σ. Hence,
replacing σ by σj , we may assume that i = 1. By (2.2), Π(g(1)) is the set of roots α of
g such that (ρ˜|α) ∈ 1 + hZ. Hence, Π(g(1)) consists of the simple roots and the negated
highest root, and we obtain the result. 
2.3. Holomorphic vertex operator algebras and weight one Lie algebras. A ver-
tex operator algebra (VOA) (V, Y,1, ω) is a Z-graded vector space V =
⊕
m∈Z Vm over the
complex field C equipped with a linear map
Y (a, z) =
∑
i∈Z
a(i)z
−i−1 ∈ (End V )[[z, z−1]], a ∈ V,
the vacuum vector 1 ∈ V0 and the conformal vector ω ∈ V2 satisfying certain axioms
([Bo86, FLM88]). For a ∈ V and i ∈ Z, we call the operator a(i) the i-th mode of a. Note
that the operators L(m) = ω(m+1), m ∈ Z, satisfy the Virasoro relation:
[L(m), L(n)] = (m− n)L(m+ n) + 1
12
(m3 −m)δm+n,0c idV ,
where c ∈ C is called the central charge of V , and L(0) acts by the multiplication of a
scalar m on Vm.
A linear automorphism g of a VOA V is called a (VOA) automorphism of V if
gω = ω and gY (v, z) = Y (gv, z)g for all v ∈ V.
The group of all (VOA) automorphisms of V will be denoted by AutV . A vertex operator
subalgebra (or a subVOA) is a graded subspace of V which has a structure of a VOA such
that the operations and its grading agree with the restriction of those of V and they share
6
the vacuum vector. For an automorphism g of a VOA V , let V g denote the fixed-point
set of g. Note that V g is a subVOA of V and contains the conformal vector of V .
A VOA is said to be rational if the admissible module category is semisimple. A
rational VOA is said to be holomorphic if there is only one irreducible module up to
isomorphism. A VOA is said to be of CFT-type if V0 = C1 (note that Vi = 0 for all i < 0
if V0 = C1), and is said to be C2-cofinite if the codimension in V of the subspace spanned
by the vectors of form u(−2)v, u, v ∈ V , is finite. A module is said to be self-dual if it
is isomorphic to its contragredient module. A VOA is said to be strongly regular if it is
rational, C2-cofinite, self-dual and of CFT-type.
For g ∈ Aut V of order n, a g-twisted V -module (M,YM) is a C-graded vector space
M =
⊕
m∈CMm equipped with a linear map
YM(a, z) =
∑
i∈(1/n)Z
a(i)z
−i−1 ∈ (EndM)[[z1/n, z−1/n]], a ∈ V
satisfying a number of conditions ([FHL93, DLM00]). We often denote it by M . Note
that an (untwisted) V -module is a 1-twisted V -module and that a g-twisted V -module is
an (untwisted) V g-module. For v ∈Mk, the conformal weight of v is k and L(0)v = kv. If
M is irreducible, then there exists w ∈ C such thatM =⊕m∈(1/n)Z≥0 Mw+m andMw 6= 0.
The number w is called the conformal weight of M
Let V be a VOA of CFT-type. Then, the weight one space V1 has a Lie algebra structure
via the 0-th mode, which we call the weight one Lie algebra of V . Moreover, the n-th
modes v(n), v ∈ V1, n ∈ Z, define an affine representation of the Lie algebra V1 on V . For
a simple Lie subalgebra s of V1, the level of s is defined to be the scalar by which the
canonical central element acts on V as the affine representation. When the type of the
root system of s is Xn and the level of s is k, we denote the type of s by Xn,k.
Assume that V is self-dual. Then there exists a non-degenerate symmetric invariant
bilinear form 〈·|·〉 on V , which is unique up to scalar ([Li94]). We normalize it so that
〈1|1〉 = −1. Then for any v, w ∈ V1, we have 〈v|w〉1 = v(1)w.
We, in addition, assume that the weight one Lie algebra V1 is semisimple. Let h be a
Cartan subalgebra of V1 and let (·|·) be the Killing form on V1. We identify h∗ with h
via (·|·) and normalize the form so that (α|α) = 2 for any long root α ∈ h. The following
lemma is immediate from the commutator relations of n-th modes (cf. [DM06, (3.2)]).
Lemma 2.7. If the level of a simple Lie subalgebra of V1 is k, then 〈·|·〉 = k(·|·) on it.
Let us recall some facts related to the Lie algebra V1, which will be used later.
Proposition 2.8 ([DM06, Theorem 1.1, Corollary 4.3]). Let V be a strongly regular
VOA. Then V1 is reductive. Let s be a simple Lie subalgebra of V1. Then V is an
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integrable module for the affine representation of s on V , and the subVOA generated by s
is isomorphic to the simple affine VOA associated with s at some positive integral level.
Proposition 2.9 ([DM04a, (1.1), Theorem 3 and Proposition 4.1]). Let V be a strongly
regular holomorphic VOA of central charge 24. Then the weight one Lie algebra V1 is 0,
abelian of rank 24 or semisimple. Moreover, the following hold:
(1) If V1 is abelian of rank 24, then V is isomorphic to the Leech lattice VOA.
(2) If V1 is semisimple, then the conformal vectors of V and the subVOA generated by V1
are the same. In addition, for any simple ideal of V1 at level k, the identity
(2.3)
h∨
k
=
dimV1 − 24
24
holds, where h∨ is the dual Coxeter number.
Lemma 2.10. Let V be a strongly regular holomorphic VOA of central charge 24. Assume
that V1 is semisimple. Let V1 =
⊕t
i=1 gi be the decomposition of V1 into the direct sum of
simple ideals gi. For 1 ≤ i ≤ t, let hi be the Coxeter number of gi and let ρ˜i ∈ gi be the
sum of all fundamental coweights with respect to a (fixed) set of simple roots of gi. Set
u =
t∑
i=1
1
hi
ρ˜i, and σu = exp(−2pi
√−1u(0)) ∈ Aut V.
Then, the restriction of σu to V1 is a regular automorphism whose order is the least
common multiple of the Coxeter numbers h1, h2, . . . , ht. If all gi are ADE-type, then
〈u|u〉 = 2dimV1
dimV1 − 24 .
Proof. Since ρ˜i and −ρ˜i are conjugate by an element in the Weyl group, the former
assertion follows from Lemma 2.4.
Recall the following “strange” formula for gi (see [Ka90, (13.11.4)]):
(ρi|ρi) = 1
12
h∨i dim gi,
where ρi and h
∨
i are the Weyl vector and the dual Coxeter number of gi, respectively.
Assume that all gi are ADE-type. Then ρi = ρ˜i and h
∨
i = hi for all i. Let ki be the level
of gi. By the identity (2.3) in Proposition 2.9 (2) and the “strange” formula, we obtain
〈u|u〉 =
t∑
i=1
1
h2i
ki(ρi|ρi) = 2 dimV1
dim V1 − 24
as desired. 
The following lemma is well-known, but we include a proof for completeness.
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Lemma 2.11. Let V be a VOA of CFT-type and M a V -module. Let a ∈ V1 and set
g = exp(a(0)) ∈ Aut V . Then the V -modules M ◦ g and M are isomorphic, where the
g-conjugate M ◦ g = (M,Yg) of M is defined by Yg(v, z) = Y (gv, z) for v ∈ V .
Proof. Let f : M → M be the linear isomorphism defined by f(u) = exp(a(0))u, u ∈ M .
Then for any v ∈ V , u ∈ M and n ∈ Z, we have a(0)(v(n)u) = (a(0)v)(n)u + v(n)(a(0)u).
Hence f(Y (v, z)u) = Y (gv, z)f(u) = Yg(v, z)f(u), and f is a V -module isomorphism from
M to M ◦ g. 
2.4. Li’s ∆-operator. Let V be a self-dual VOA of CFT-type. Let u ∈ V1 such that
u(0) acts semisimply on V . Let σu = exp(−2pi
√−1u(0)) be the inner automorphism of
V associated with u. We assume that there exists a positive integer T such that the
spectrum of u(0) on V belongs to (1/T )Z. Then we have σ
T
u = 1 on V . Conversely, if
σTu = 1, then the spectrum of u(0) on V belongs to (1/T )Z. Let ∆(u, z) be Li’s ∆-operator
defined in [Li96], i.e.,
∆(u, z) = zu(0) exp
(
∞∑
n=1
u(n)
−n (−z)
−n
)
.
Proposition 2.12 ([Li96, Proposition 5.4]). Let σ be an automorphism of V of finite order
and let u ∈ V1 be as above such that σ(u) = u. Let (M,YM) be a σ-twisted V -module and
define (M (u), YM (u)(·, z)) as follows:
M (u) =M as a vector space;
YM (u)(a, z) = YM(∆(u, z)a, z) for a ∈ V.
Then (M (u), YM (u)(·, z)) is a σuσ-twisted V -module. Furthermore, if M is irreducible, then
so is M (u).
For a σ-twisted V -module M and a ∈ V , we denote by a(u)(i) the i-th mode of a on M (u),
i.e.,
YM (u)(a, z) =
∑
i∈C
a
(u)
(i) z
−i−1.
By the definition of Li’s ∆-operator, the 0-th mode of v ∈ V1 on M (u) is given by
(2.4) v
(u)
(0) = v(0) + 〈u|v〉id,
and the 1-st mode of the conformal vector ω on M (u) is given by
(2.5) ω
(u)
(1) = ω(1) + u(0) +
〈u|u〉
2
id.
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2.5. Conformal weights of modules for simple affine VOAs. In this subsection, we
use the same notation as in Section 2.2.
Let g be a finite-dimensional simple Lie algebra. Let Q be the root lattice associated
with a fixed Cartan subalgebra h. For the finite-dimensional irreducible g-module M(λ)
with the highest weight λ, let Π(M(λ)) denote the set of all h-weights of M ; we often
denote it by Π(λ) simply. Since the longest element in the Weyl group maps the set of
positive roots to the set of negative roots, we obtain the following lemma.
Lemma 2.13. Let λ be a dominant integral weight. Let r be the longest element in the
Weyl group. Let u ∈ Q⊗Z Q such that (u|α) ≥ 0 for all simple roots α. Then
min{(u|µ) | µ ∈ Π(λ)} = (u|r(λ)).
Remark 2.14. (1) If the type of Q is A1 or D2n (n ≥ 2), then r = −1.
(2) If the type of Q is An (n ≥ 2) or D2n+1 (n ≥ 2), then r is the product of −1 and the
standard Dynkin diagram automorphism of order 2.
Let Lg(k, 0) be the simple affine VOA associated with g at a positive integral level k.
Let Lg(k, λ) be the irreducible Lg(k, 0)-module with the highest weight λ. Note that λ
is a dominant integral weight of g such that (λ|θ) ≤ k, where θ is the highest root of
g. For the detail of Lg(k, 0) and Lg(k, λ), see [FZ92]. Note that the conformal weight of
Lg(k, λ) is
(λ+2ρ,λ)
2(k+h∨)
, where ρ is the Weyl vector and h∨ is the dual Coxeter number. For
u ∈ Q⊗Z Q, the inner automorphism σu has finite order on g and has the same order on
Lg(k, 0).
Lemma 2.15. Let M be a Lg(k, 0)-module and let u ∈ Q⊗Z Q.
(1) For an element α of the coroot lattice Q∨, M (u) ∼= M (u+α) as σu-twisted Lg(k, 0)-
modules.
(2) For an element g of the Weyl group, the characters of M (u) and M (g(u)) are the same.
Proof. Note that σα = id on Lg(k, 0) and (M
(u))(α) ∼= M (u+α). Then the assertion (1) was
proved in [Li01, Proposition 2.24].
Let gˆ ∈ AutLg(k, 0) be a lift of g. Note that gˆ is inner and gˆ acts on h as g. The
gˆ-conjugateM (u) ◦ gˆ (see Lemma 2.11 for the definition) is a σg(u)-twisted Lg(k, 0)-module
and its character is equal to that of M (u). In addition, M (u) ◦ gˆ ∼= (M ◦ gˆ)(g(u)) as σg(u)-
twisted Lg(k, 0)-modules. Since gˆ is inner, we have M ◦ gˆ ∼= M by Lemma 2.11. Thus we
obtain (2). 
The following lemma gives a necessary and sufficient condition for the module Lg(k, λ)
(u)
having the conformal weight zero, which corrects a mistake in [LS16a, Lemma 3.5].
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Lemma 2.16 (cf. [LS16a, Lemma 3.5]). Let u ∈ Q⊗Z Q such that
(u|β) ≥ −1
for any root β of g. Then the conformal weight of the irreducible σu-twisted Lg(k, 0)-
module Lg(k, λ)
(u) is non-negative. In addition, the conformal weight is zero if and only
if (λ, u) = (0, 0) or (kη,−g(η)) for some element g in the Weyl group and fundamental
coweight η with (η|θ) = 1.
Remark 2.17. In fact, a fundamental coweight η with (η|θ) = 1 is also a fundamental
weight, namely, the corresponding simple root is long. Let g be an element in the Weyl
group. Then, the vector g(η) − η belongs to the coroot lattice, and (g(η)|β) ≥ −1 for
any root β. Hence, σ−g(η) = σ−η = id on Lg(k, 0), and Lg(k, kη)
(−g(η)) ∼= Lg(k, kη)(−η) ∼=
Lg(k, 0) (see [Li01, Propositions 2.20] and Lemma 2.15 (1)).
Now, let us consider the semisimple Lie algebra
⊕t
i=1 gi, where gi are simple ideals. For
1 ≤ i ≤ t, fix a Cartan subalgebra hi of gi and a set of simple roots of gi. Let Qi be the
root lattice of gi. Let ki be a positive integer and let λi be a dominant integral weight of
gi such that (λi|θi) ≤ ki, where θi is the highest root of gi. Set U =
⊗t
i=1 Lgi(ki, 0) and
M =
⊗t
i=1 Lgi(ki, λi).
Lemma 2.18 (cf. [LS] and [LS16a, Lemma 3.6]). Let ui ∈ Q⊗Z Qi and set u =
∑t
i=1 ui.
Assume that
(u|β) ≥ −1
for any root β of
⊕t
i=1 gi. Then the conformal weight of the irreducible σu-twisted U-
module M (u) is
wM +
t∑
i=1
min{(ui|µ) | µ ∈ Π(λi)}+ 〈u|u〉
2
,
where wM is the conformal weight of M . In addition, if u does not belong to the coweight
lattice of
⊕t
i=1 gi, then the conformal weight of M
(u) is positive.
Proof. Note that M (u) ∼= ⊗ti=1 Lgi(ki, λi)(ui). The former assertion follows from [LS16a,
Lemma 3.6]. The latter assertion is immediate from Lemma 2.16. 
Next we will consider several semisimple Lie algebras of ADE-type.
Lemma 2.19. Assume that the semisimple Lie algebra U1 =
⊕t
i=1 gi has the type
A33,4A1,2, A
2
4,5, D4,12A2,6, A6,7, A7,4A
3
1,1, D5,8A1,2 or D6,5A
2
1,1
and that the conformal weight of M is an integer at least 2. Let u ∈ h be the vector
described in Lemma 2.10. Let n be the order of σu on U1. Then the following hold:
(1) (σu)
n acts on M as the identity operator;
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(2) for j ∈ Z with 0 < |j| ≤ ⌊n/2⌋, the conformal weights of the (σu)j-twisted U-modules
U (ju) and M (ju) are at least 1.
Proof. By the definition of u, we have (u|β) ≥ −1 for any root β of U1 and (u|α) ≥ 0 for
any simple root α of U1. For all i, we have Qi = Q
∨
i and hi = h
∨
i since gi is ADE-type.
Let wM be the conformal weight of M =
⊗t
i=1 Lgi(ki, λi). By Lemmas 2.13 and 2.18, the
conformal weight wM (u) of M
(u) is
wM (u) = wM +
(
u
∣∣∣∣∣
t∑
i=1
ri(λi)
)
+
〈u|u〉
2
,
where ri is the longest element of the Weyl group of gi.
By direct computation, one can list all weights (λ1, . . . , λt) with wM ∈ Z>1; the number
of such weights is 1526, 852, 463, 47, 100, 46 or 35 if V1 has the type A
3
3,4A1,2, A
2
4,5,
D4,12A2,6, A6,7, A7,4A
3
1,1, D5,8A1,2 or D6,5A
2
1,1, respectively. In addition, for every weight,
one can directly check the following:
(i) (
∑t
i=1 λi|u) ∈ (1/n)Z;
(ii) wM (u) ≥ 1.
Note that for the cases A24,5, D4,12A2,6, A6,7 and D5,8A1,2, the claim (i) also follows from
the fact that u ∈ (1/n)⊕ti=1Qi. See Tables 2, 3 and 4 for the cases A6,7, D5,8A1,2 and
D6,5A
2
1,1, respectively. (In these tables, [a1, . . . , am] denotes the weight
∑m
i=1 aiΛi.) By
Lemma 2.10, we have wU (u) = 〈u|u〉/2 ≥ 1. Then, the assertions (i) and (ii) prove (1) and
(2) for j = 1, respectively.
Let j ∈ Z with 0 < |j| ≤ ⌊n/2⌋. We choose a representative ju of ju +⊕ti=1Qi as
in Table 5 if 1 ≤ j ≤ ⌊n/2⌋, and ju = −−ju if j < 0. Then we have (ju|β) ≥ −1 for
all roots β of V1. By Lemma 2.15 (1), M
(ju) ∼= M (ju) as σju-twisted U -modules. Let
g be an element in the Weyl group such that g(ju) is dominant integral; our choices of
g(ju), 0 ≤ j ≤ ⌊n/2⌋, are summarized in Table 5. Note that gr(−ju) = g(ju), where
r is the product of the longest elements of the Weyl groups of gi. By Lemma 2.15 (2),
we have wM (ju) = wM (g(ju)). Hence by the same manner as in the case j = 1, we obtain
wM (g(ju)) ≥ 1 for j 6= 1. Also, by Table 5, we have wU (ju) = 〈g(ju)|g(ju))〉/2 ≥ 1. 
Table 2: Weights of irreducible modules with wM ∈ Z>1 for the case A6,7
Weights (
∑t
i=1 λi|u) wM w
(u)
M Weights (
∑t
i=1 λi|u) wM w
(u)
M
[0, 0, 0, 0, 0, 7] 3 3 2 [0, 0, 0, 0, 7, 0] 5 5 2
[0, 0, 0, 1, 0, 4] 18/7 2 10/7 [0, 0, 0, 2, 4, 0] 32/7 4 10/7
[0, 0, 0, 7, 0, 0] 6 6 2 [0, 0, 1, 0, 4, 2] 32/7 4 10/7
[0, 0, 1, 3, 0, 1] 27/7 3 8/7 [0, 0, 2, 0, 3, 0] 27/7 3 8/7
[0, 0, 2, 1, 0, 3] 27/7 3 8/7 [0, 0, 2, 4, 0, 1] 39/7 5 10/7
[0, 0, 7, 0, 0, 0] 6 6 2 [0, 1, 0, 1, 2, 2] 27/7 3 8/7
[0, 1, 0, 4, 2, 0] 39/7 5 10/7 [0, 1, 2, 0, 0, 1] 20/7 2 8/7
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[0, 1, 2, 2, 1, 0] 34/7 4 8/7 [0, 1, 3, 0, 1, 2] 34/7 4 8/7
[0, 2, 0, 0, 2, 0] 20/7 2 8/7 [0, 2, 0, 3, 0, 2] 34/7 4 8/7
[0, 2, 1, 0, 3, 1] 34/7 4 8/7 [0, 2, 4, 0, 1, 0] 39/7 5 10/7
[0, 3, 0, 2, 0, 0] 27/7 3 8/7 [0, 3, 1, 0, 0, 2] 27/7 3 8/7
[0, 4, 2, 0, 0, 0] 32/7 4 10/7 [0, 7, 0, 0, 0, 0] 5 5 2
[1, 0, 0, 0, 2, 4] 25/7 3 10/7 [1, 0, 0, 2, 1, 0] 20/7 2 8/7
[1, 0, 1, 0, 1, 2] 20/7 2 8/7 [1, 0, 1, 2, 2, 1] 34/7 4 8/7
[1, 0, 3, 1, 0, 0] 27/7 3 8/7 [1, 0, 4, 2, 0, 0] 39/7 5 10/7
[1, 1, 1, 1, 1, 1] 4 3 1 [1, 2, 0, 0, 1, 3] 27/7 3 8/7
[1, 2, 2, 1, 0, 1] 34/7 4 8/7 [1, 3, 0, 1, 2, 0] 34/7 4 8/7
[2, 0, 0, 1, 3, 0] 27/7 3 8/7 [2, 0, 0, 2, 0, 3] 27/7 3 8/7
[2, 0, 3, 0, 2, 0] 34/7 4 8/7 [2, 1, 0, 1, 0, 1] 20/7 2 8/7
[2, 1, 0, 3, 1, 0] 34/7 4 8/7 [2, 2, 1, 0, 1, 0] 27/7 3 8/7
[2, 4, 0, 1, 0, 0] 32/7 4 10/7 [3, 0, 1, 2, 0, 0] 27/7 3 8/7
[3, 0, 2, 0, 0, 2] 27/7 3 8/7 [3, 1, 0, 0, 2, 1] 27/7 3 8/7
[4, 0, 1, 0, 0, 0] 18/7 2 10/7 [4, 2, 0, 0, 0, 1] 25/7 3 10/7
[7, 0, 0, 0, 0, 0] 3 3 2
Table 3: Weights of irreducible modules with wM ∈ Z>1 for the case D5,8A1,2
Weights (
∑t
i=1 λi|u) wM w
(u)
M Weights (
∑t
i=1 λi|u) wM w
(u)
M
([0, 0, 0, 0, 8], [0]) 5 5 2 ([0, 0, 0, 3, 3], [0]) 15/4 3 5/4
([0, 0, 0, 4, 4], [2]) 11/2 5 3/2 ([0, 0, 0, 8, 0], [0]) 5 5 2
([0, 0, 1, 0, 6], [2]) 43/8 5 13/8 ([0, 0, 1, 1, 3], [1]) 31/8 3 9/8
([0, 0, 1, 3, 1], [1]) 31/8 3 9/8 ([0, 0, 1, 6, 0], [2]) 43/8 5 13/8
([0, 0, 2, 0, 0], [2]) 11/4 2 5/4 ([0, 0, 2, 2, 2], [0]) 19/4 4 5/4
([0, 1, 0, 1, 5], [0]) 37/8 4 11/8 ([0, 1, 0, 2, 2], [2]) 31/8 3 9/8
([0, 1, 0, 5, 1], [0]) 37/8 4 11/8 ([0, 1, 2, 1, 1], [2]) 39/8 4 9/8
([0, 2, 0, 0, 4], [2]) 19/4 4 5/4 ([0, 2, 0, 4, 0], [2]) 19/4 4 5/4
([0, 3, 0, 1, 1], [0]) 31/8 3 9/8 ([1, 0, 0, 2, 4], [2]) 19/4 4 5/4
([1, 0, 0, 4, 2], [2]) 19/4 4 5/4 ([1, 0, 1, 1, 1], [0]) 23/8 2 9/8
([1, 0, 3, 0, 0], [0]) 31/8 3 9/8 ([1, 1, 0, 0, 2], [1]) 23/8 2 9/8
([1, 1, 0, 1, 3], [0]) 31/8 3 9/8 ([1, 1, 0, 2, 0], [1]) 23/8 2 9/8
([1, 1, 0, 3, 1], [0]) 31/8 3 9/8 ([1, 1, 1, 1, 1], [1]) 4 3 1
([1, 2, 1, 0, 0], [2]) 31/8 3 9/8 ([2, 0, 0, 1, 1], [2]) 11/4 2 5/4
([2, 0, 0, 3, 3], [0]) 19/4 4 5/4 ([2, 0, 1, 0, 2], [2]) 31/8 3 9/8
([2, 0, 1, 1, 3], [1]) 39/8 4 9/8 ([2, 0, 1, 2, 0], [2]) 31/8 3 9/8
([2, 0, 1, 3, 1], [1]) 39/8 4 9/8 ([2, 1, 0, 2, 2], [2]) 39/8 4 9/8
([2, 2, 0, 0, 0], [0]) 11/4 2 5/4 ([3, 0, 0, 0, 2], [0]) 11/4 2 5/4
([3, 0, 0, 2, 0], [0]) 11/4 2 5/4 ([3, 0, 1, 1, 1], [0]) 31/8 3 9/8
([3, 1, 0, 0, 2], [1]) 31/8 3 9/8 ([3, 1, 0, 2, 0], [1]) 31/8 3 9/8
([4, 0, 0, 0, 0], [2]) 5/2 2 3/2 ([4, 0, 0, 1, 1], [2]) 15/4 3 5/4
([4, 0, 2, 0, 0], [2]) 19/4 4 5/4 ([5, 0, 1, 0, 0], [0]) 29/8 3 11/8
([6, 1, 0, 0, 0], [2]) 35/8 4 13/8 ([8, 0, 0, 0, 0], [0]) 4 4 2
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Table 4: Weights of irreducible modules with wM ∈ Z>1 for the case D6,5A
2
1,1
Weights (
∑t
i=1 λi|u) wM w
(u)
M Weights (
∑t
i=1 λi|u) wM w
(u)
M
([0, 0, 0, 0, 0, 5], [0], [1]) 4 4 3/2 ([0, 0, 0, 0, 0, 5], [1], [0]) 4 4 3/2
([0, 0, 0, 0, 5, 0], [0], [1]) 4 4 3/2 ([0, 0, 0, 0, 5, 0], [1], [0]) 4 4 3/2
([0, 0, 0, 1, 0, 1], [0], [1]) 12/5 2 11/10 ([0, 0, 0, 1, 0, 1], [1], [0]) 12/5 2 11/10
([0, 0, 0, 1, 1, 0], [0], [1]) 12/5 2 11/10 ([0, 0, 0, 1, 1, 0], [1], [0]) 12/5 2 11/10
([0, 0, 0, 1, 1, 1], [1], [1]) 17/5 3 11/10 ([0, 0, 2, 0, 0, 0], [0], [0]) 12/5 2 11/10
([0, 0, 2, 0, 0, 1], [0], [1]) 17/5 3 11/10 ([0, 0, 2, 0, 0, 1], [1], [0]) 17/5 3 11/10
([0, 0, 2, 0, 1, 0], [0], [1]) 17/5 3 11/10 ([0, 0, 2, 0, 1, 0], [1], [0]) 17/5 3 11/10
([0, 1, 0, 0, 0, 2], [0], [0]) 12/5 2 11/10 ([0, 1, 0, 0, 1, 2], [0], [1]) 17/5 3 11/10
([0, 1, 0, 0, 1, 2], [1], [0]) 17/5 3 11/10 ([0, 1, 0, 0, 2, 0], [0], [0]) 12/5 2 11/10
([0, 1, 0, 0, 2, 1], [0], [1]) 17/5 3 11/10 ([0, 1, 0, 0, 2, 1], [1], [0]) 17/5 3 11/10
([1, 0, 0, 1, 0, 0], [1], [1]) 12/5 2 11/10 ([1, 0, 0, 1, 1, 1], [0], [0]) 17/5 3 11/10
([1, 0, 2, 0, 0, 0], [1], [1]) 17/5 3 11/10 ([1, 1, 0, 0, 0, 1], [0], [1]) 12/5 2 11/10
([1, 1, 0, 0, 0, 1], [1], [0]) 12/5 2 11/10 ([1, 1, 0, 0, 0, 2], [1], [1]) 17/5 3 11/10
([1, 1, 0, 0, 1, 0], [0], [1]) 12/5 2 11/10 ([1, 1, 0, 0, 1, 0], [1], [0]) 12/5 2 11/10
([1, 1, 0, 0, 2, 0], [1], [1]) 17/5 3 11/10 ([2, 0, 0, 1, 0, 0], [0], [0]) 12/5 2 11/10
([2, 0, 0, 1, 0, 1], [0], [1]) 17/5 3 11/10 ([2, 0, 0, 1, 0, 1], [1], [0]) 17/5 3 11/10
([2, 0, 0, 1, 1, 0], [0], [1]) 17/5 3 11/10 ([2, 0, 0, 1, 1, 0], [1], [0]) 17/5 3 11/10
([5, 0, 0, 0, 0, 0], [1], [1]) 3 3 3/2
Table 5: Representatives ju and dominant integral weights g(ju)
U1 j ju g(ju) 〈g(ju)|g(ju)〉
A33,4A1,2 1 u = (
1
4
[1, 1, 1], 1
4
[1, 1, 1], 1
4
[1, 1, 1], 1
2
[1]) u 4
2 ( 1
2
[−1, 1,−1], 1
2
[−1, 1,−1], 1
2
[−1, 1,−1], [1]) ( 1
2
[0, 1, 0], 1
2
[0, 1, 0], 1
2
[0, 1, 0], [1]) 4
A24,5 1 u = (
1
5
[1, 1, 1, 1], 1
5
[1, 1, 1, 1]) u 4
2 ( 1
5
[−3, 2, 2,−3], 1
5
[−3, 2, 2,−3]) u 4
D4,12A2,6 1 u = (
1
6
[1, 1, 1, 1], 1
3
[1, 1]) u 6
2 ( 1
3
[1,−2, 1, 1], 1
3
[−1,−1]) ( 1
3
[0, 1, 0, 0], 1
3
[1, 1]) 4
3 ( 1
2
[1,−1, 1, 1], [0]) ( 1
2
[0, 1, 0, 0], [0]) 6
A6,7 1 u =
1
7
[1, 1, 1, 1, 1, 1] u 4
2 1
7
[2,−5, 2, 2,−5, 2] u 4
3 1
7
[3,−4, 3, 3,−4, 3] u 4
A7,4A31,1 1 u = (
1
8
[1, 1, 1, 1, 1, 1, 1], 1
2
[1], 1
2
[1], 1
2
[1]) u 3
2 1
4
([1,−3, 1, 1, 1,−3, 1], [1], [1], [1]) ( 1
4
[0, 1, 0, 1, 0, 1, 0], [1], [1], [1]) 4
3 ( 1
8
[3, 3,−5, 3− 5, 3, 3], 1
2
[−1], 1
2
[−1], 1
2
[−1]) u 3
4 ( 1
2
[−1, 1,−1, 1,−1, 1,−1], [0], [0], [0]) ( 1
2
[0, 0, 0, 1, 0, 0, 0], [0], [0], [0]) 2
D5,8A1,2 1 u = (
1
4
[1, 1, 1, 1, 1], 1
2
[1]) u 4
2 ( 1
4
[1,−3, 1, 1, 1], [1]) ( 1
4
[1, 0, 1, 0, 0], [1]) 4
3 ( 1
8
[−5, 3,−5, 3, 3], 1
2
[−1]) u 4
4 ( 1
2
[−1, 1,−1, 1, 1], [0]) ( 1
2
[0, 1, 0, 0, 0], [0]) 4
D6,5A21,1 1 u = (
1
10
[1, 1, 1, 1, 1, 1], 1
2
[1], 1
2
[1]) u 3
2 ( 1
5
[1,−4, 1, 1, 1, 1], [1], [1]) ( 1
5
[1, 1, 0, 1, 0, 0], [1], [1]) 4
3 ( 1
10
[3, 3, 3,−7, 3, 3], 1
2
[−1], 1
2
[−1]) u 3
4 ( 1
5
[2,−3, 2,−3, 2, 2], [0], [0]) ( 1
5
[0, 1, 0, 1, 0, 0], [0], [0]) 2
5 ( 1
2
[1,−1, 1,−1, 1, 1], 1
2
[1], 1
2
[1]) ( 1
2
[0, 0, 1, 0, 0, 0], 1
2
[1], 1
2
[1]) 4
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2.6. Orbifold construction and uniqueness of holomorphic VOA. Let V be a
strongly regular holomorphic VOA. Suppose σ ∈ Aut V has finite order n. It was proved
in [CM, Mi15] that V σ = {v ∈ V | σ(v) = v} is also strongly regular. For 1 ≤ i ≤ n− 1,
let V [σi] be the irreducible σi-twisted V -module. By [DLM00], such a module exists and
is unique up to isomorphism. We recall the orbifold construction established in [EMS].
Theorem 2.20 ([EMS]). Assume the following:
(I) for 1 ≤ i ≤ n− 1, the conformal weight of V [σi] is positive;
(II) the conformal weight of V [σ] belongs to (1/n)Z>0.
Then, for 1 ≤ i ≤ n − 1, there exists a unique irreducible V σ-submodule V [σi] of V [σi]
with the integral conformal weight such that
V˜σ := V
σ ⊕
n−1⊕
i=1
V [σi]
has a strongly regular holomorphic VOA structure as a Zn-graded simple current extension
of V σ.
This construction is often called the Zn-orbifold construction associated with V and σ.
Note that the resulting VOA V˜σ is uniquely determined by V and σ, up to isomorphism.
Moreover, if σ′ ∈ Aut V is conjugate to σ, then V˜σ′ is isomorphic to V˜σ.
By “reversing” the Zn-orbifold construction, the following theorem was proved in [LS].
Theorem 2.21. Let g be a Lie algebra and p a subalgebra of g. Let n ∈ Z>0 and let W
be a strongly regular holomorphic VOA of central charge c. Assume that for any strongly
regular holomorphic VOA V of central charge c whose weight one Lie algebra is g, there
exists an order n automorphism σ of V such that the following conditions hold:
(a) gσ ∼= p;
(b) σ satisfies Conditions (I) and (II) in Theorem 2.20 and V˜σ is isomorphic to W .
In addition, we assume that any automorphism ϕ ∈ AutW of order n satisfying (I) and
(II) and the conditions (A) and (B) below belongs to a unique conjugacy class in AutW :
(A) (W ϕ)1 is isomorphic to p;
(B) (W˜ϕ)1 is isomorphic to g.
Then any strongly regular holomorphic VOA of central charge c with weight one Lie al-
gebra g is isomorphic to W˜ϕ. In particular, such a holomorphic VOA is unique up to
isomorphism.
Remark 2.22. In general, the condition (B) is strong for the uniqueness of the conjugacy
class of ϕ. For example, the condition (B) implies that W [ϕ]1 is isomorphic to g(i) as
p(∼= (W ϕ)1 ∼= gσ)-modules for some i relatively prime to n, where g(i) = {x ∈ g | σ(x) =
exp((i/n)2pi
√−1)x}. Later, we will consider the weaker condition:
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(B’) The matrices M(Π(W [ϕ]1)) and M(Π(g(i))) are equivalent for some i relatively
prime to n.
In general, (B’) is strictly weaker than (B) since the Lie algebra structure of g may not
be recovered from the gσ-module structure of g(i).
2.7. Dimension formulae associated with orbifold constructions. In this subsec-
tion, we recall the dimension formulae from [EMS2].
Theorem 2.23 ([EMS2]). Let n ∈ {2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 16, 18, 25} and let V be a
strongly regular holomorphic VOA of central charge 24. Let σ be an order n automorphism
of V satisfying the conditions (I) and (II) in Theorem 2.20. Assume that for 1 ≤ i ≤ n−1,
the conformal weight of the irreducible σi-twisted V -module is at least 1. Then∑
d|n
φ((d, n/d))
(d, n/d)
(
24 +
n
d
dimV σ1 − dim(V˜σd)1
)
= 24,
where φ is Euler’s totient function.
The explicit formulae for several n are given as follows (cf. [EMS2]):
• For n = 5, 7,
dim(V˜σ)1 = 24 + (n+ 1) dimV
σ
1 − dimV1.
• For n = 4,
dim(V˜σ)1 = 24 + 6 dimV
σ
1 −
3
2
dimV σ
2
1 −
1
2
dim V1.
• For n = 6,
dim(V˜σ)1 = 24 + 12 dimV
σ
1 − 4 dimV σ
2
1 − 3 dimV σ
3
1 + dimV1.
• For n = 8,
dim(V˜σ)1 = 24 + 12 dimV
σ
1 − 3 dimV σ
2
1 −
3
4
dimV σ
4
1 −
1
4
dimV1.
• For n = 10,
dim(V˜σ)1 = 24 + 18 dimV
σ
1 − 6 dimV σ
2
1 − 3 dimV σ
5
1 + dimV1.
3. Leech lattice and isometries
Let Λ be the Leech lattice, the unique even unimodular lattice of rank 24 having no
norm 2 vectors. In this article, we adopt the notations in [HL90] for the conjugacy classes
of the isometry group O(Λ) of Λ. For g ∈ O(Λ), set Λg = {v ∈ Λ | g(v) = v}. It follows
from Lemma 2.2 that P g0 (Λ) = (Λ
g)∗ and P g0 (Λ) ⊂ (1/|g|)Λg, where P g0 is the orthogonal
projection (see (2.1)). Let CO(Λ)(g) denote the centralizer of g in O(Λ). Note that the
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sublattices Λg and the quotient groups CO(Λ)(g)/〈−1〉 are described in [HL90, Table 1]
(cf. [HM16]) and in [Wi83, Table 1], respectively.
For g ∈ O(Λ), let p ∈ Q such that P g0 (Λ) ⊂ pΛg. For q ∈ Q, set
(3.1) Λ(g, p, q) := {x+ P g0 (Λ) ∈ pΛg/P g0 (Λ) | (x+ P g0 (Λ))(q) 6= ∅},
where (x + P g0 (Λ))(q) = {y ∈ x + P g0 (Λ) | (y|y) = q}. In this section, we describe the
CO(Λ)(g)-orbits of Λ(g, p, q) and the matrixM((x+P g0 (Λ))(q)) for some cases. Throughout
this section, let Xn (resp. X˜n) denote the Cartan matrix of the root system of type Xn
(resp. the generalized Cartan matrix of the affine root system of type X˜n). We omit the
proofs of the following lemmas, which can be verified by the computer algebra system
MAGMA [BCP97].
Lemma 3.1. Let g be an isometry of Λ whose conjugacy class is 4C, 5B, 6G, 7B or 8E.
Let n be the order of g. Set
s :=
1/2n (g ∈ 6G),1/n (g ∈ 4C, 5B, 7B, 8E).
(1) The rank of Λg is 10, 8, 6, 6 or 6 if the conjugacy class of g is 4C, 5B, 6G, 7B or
8E, respectively.
(2) The minimum norm of P g0 (Λ)(= (Λ
g)∗) is 4s.
(3) If the conjugacy class of g is 5B or 7B, then CO(Λ)(g) acts transitively on Λ(g, s, 2s).
In addition, for x+P g0 (Λ) ∈ Λ(g, s, 2s), the matrix M((x+P g0 (Λ))(2s)) is equivalent
to the generalized Caran matrix of type A˜24 or A˜6, respectively.
(4) If the conjugacy class of g is 4C, 6E or 8E, then the CO(Λ)(g)-orbits of Λ(g, s, 2s) are
given in Tables 6, 7 or 8, respectively.
(5) If the conjugacy class of g is 4C or 5B, then the CO(Λ)(g)-orbits of Λ(g, s/2, 2s) are
given in Tables 9 or 10, respectively.
Remark 3.2. In Tables 7, 9 and 10, the matricesM((x+P g0 (Λ))(2s)) are identified only if
|(x+P g0 (Λ))(2s)| = 5, 8 and 7, respectively, which are enough for our argument. Indeed, we
will use in Proposition 5.1 the fact that the CO(Λ)(g)-orbit is unique ifM((x+P g0 (Λ))(2s))
is equivalent to the generalized Cartan matrix of type D˜4, A˜7 and D˜6, respectively.
Table 6: CO(Λ)(g)-orbits of Λ(g, 1/4, 1/2) for g ∈ 4C
Orbit length |(x+ P g0 (Λ)(1/2)| M((x + P
g
0 (Λ))(1/2))
15 12 A˜61
240 12 A˜33
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Table 7: CO(Λ)(g)-orbits of Λ(g, 1/12, 1/6) for g ∈ 6G
Orbit length In (1/6)Λg? |(x+ P g0 (Λ)(1/6)| M((x+ P
g
0 (Λ))(1/6))
1 N 6
8 Y 4
8 N 5 D˜4
18 N 2
144 N 3
Table 8: CO(Λ)(g)-orbits of Λ(g, 1/8, 1/4) for g ∈ 8E
Orbit length |(x+ P g0 (Λ)(1/4)| M((x + P
g
0 (Λ))(1/4))
3 6 A˜31
12 6 A21A˜3
48 6 D˜5
Table 9: CO(Λ)(g)-orbits of Λ(g, 1/8, 1/2) for g ∈ 4C
Orbit length In (1/4)Λg? |(x+ P g0 (Λ)(1/2)| M((x+ P
g
0 (Λ))(1/2))
15 Y 12
240 Y 12
360 N 8 A˜41
1440 N 8 A˜23
2880 N 4
2880 N 8 A˜3A41
11520 N 7
11520 N 5
15360 N 3
15360 N 9
23040 N 4
23040 N 8 D˜5A˜1
23040 N 8 A˜7
Table 10: CO(Λ)(g)-orbits of Λ(g, 1/10, 2/5) for g ∈ 5B
Orbit length In (1/5)Λg? |(x+ P g0 (Λ)(2/5)| M((x+ P
g
0 (Λ))(2/5))
75 N 8
144 Y 10
1440 N 2
3600 N 8
3600 N 7 D˜6
3600 N 4
7200 N 4
Lemma 3.3. Let g be an order 2 isometry of Λ.
(1) If g belongs to the conjugacy class ±2A, then (α|g(α)) ∈ 2Z for all α ∈ Λ.
(2) If g belongs to the conjugacy class 2C, then (α|g(α)) ∈ 1 + 2Z for some α ∈ Λ.
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4. Lattice VOAs, automorphisms and twisted modules
In this section, we review the construction of a lattice VOA and the structure of its
automorphism group from [FLM88, DN99]. We also review a construction of irreducible
twisted modules for (standard) lifts of isometries from [Le85, DL96] and study the con-
jugacy classes of (standard) lifts in the automorphism group of a lattice VOA.
4.1. Lattice VOA and the automorphism group. Let L be an even lattice of rank
m and let (·|·) be the positive-definite symmetric bilinear form on R ⊗Z L ∼= Rm. The
lattice VOA VL associated with L is defined to be M(1) ⊗ C{L}. Here M(1) is the
Heisenberg VOA associated with h = C ⊗Z L and the form (·|·) extended C-bilinearly.
That C{L} =⊕α∈LCeα is the twisted group algebra with commutator relation eαeβ =
(−1)(α|β)eβeα, for α, β ∈ L. We fix a 2-cocycle ε(·|·) : L× L→ {±1} for C{L} such that
eαeβ = ε(α|β)eα+β, ε(α|α) = (−1)(α|α)/2 and ε(α|0) = ε(0|α) = 1 for all α, β ∈ L. It is
well-known that the lattice VOA VL is strongly regular, and its central charge is equal to
m, the rank of L.
Let Lˆ be the central extension of L by 〈−1〉 associated with the 2-cocycle ε(·|·). Let
Aut Lˆ be the set of all group automorphisms of Lˆ. For ϕ ∈ Aut Lˆ, we define the element
ϕ¯ ∈ AutL by ϕ(eα) ∈ {±eϕ¯(α)}, α ∈ L. Set
O(Lˆ) = {ϕ ∈ Aut Lˆ | ϕ¯ ∈ O(L)}.
For χ ∈ Hom(L,Z2), the map Lˆ → Lˆ, eα 7→ (−1)χ(α)eα, is an element in O(Lˆ). Such
automorphisms form an elementary abelian 2-subgroup of O(Lˆ) of rank m, which is also
denoted by Hom(L,Z2) without confusion. It was proved in [FLM88, Proposition 5.4.1]
that the following sequence is exact:
(4.1) 1 −→ Hom(L,Z2)−→O(Lˆ)−¯→O(L) −→ 1.
We identify O(Lˆ) as a subgroup of Aut VL as follows: for ϕ ∈ O(Lˆ), the map
α1(−n1) . . . αm(−ns)eβ 7→ ϕ¯(α1)(−n1) . . . ϕ¯(αs)(−ns)ϕ(eβ)
is an automorphism of VL, where n1, . . . , ns ∈ Z>0 and α1, . . . , αs, β ∈ L.
Let N(VL) = 〈exp(a(0)) | a ∈ (VL)1〉, which is called the inner automorphism group of
VL. We often identify h with h(−1)1 via h 7→ h(−1)1. For v ∈ h, set
σv = exp(−2pi
√−1v(0)) ∈ N(VL).
Note that σv is the identity map of VL if and only if v ∈ L∗. Let
D = {σv | v ∈ h/L∗} ⊂ N(VL).
Note that Hom(L,Z2) = {σv | v ∈ (L∗/2)/L∗} ⊂ D and that for ϕ ∈ O(Lˆ) and v ∈ h, we
have ϕσvϕ
−1 = σϕ¯(v).
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Proposition 4.1 ([DN99, Theorem 2.1]). The automorphism group Aut VL of VL is gen-
erated by the normal subgroup N(VL) and the subgroup O(Lˆ).
At the end of this subsection, we will consider the case where L has no norm 2 vectors.
Then (VL)1 = {h(−1)1 | h ∈ h} ∼= h, N(VL) = D and N(VL)∩O(Lˆ) = Hom(L,Z2) ∼= Zm2 .
Hence we obtain a canonical group homomorphism
(4.2) µ : AutVL → Aut VL/N(VL) ∼= O(Lˆ)/(O(Lˆ) ∩N(VL)) ∼= O(L).
4.2. Standard lifts of isometries of lattices. Let L be an even lattice. A (standard)
lift in O(Lˆ) of an isometry of L is defined as follows.
Definition 4.2 ([Le85] (see also [EMS])). An element ϕ ∈ O(Lˆ) is called a lift of g ∈ O(L)
if ϕ¯ = g, where the map ¯ is defined as in (4.1). A lift φg of g ∈ O(L) is said to be
standard if φg(e
α) = eα for all α ∈ Lg = {β ∈ L | g(β) = β}.
Proposition 4.3 ([Le85, Section 5]). For any isometry of L, there exists a standard lift.
The orders of standard lifts are determined in [EMS] as follows:
Lemma 4.4 ([EMS]). Let g ∈ O(L) be of order n and let φg be a standard lift of g.
(1) If n is odd, then the order of φg is also n.
(2) Assume that n is even. Then φng (e
α) = (−1)(α|gn/2(α))eα for all α ∈ L. In particular,
if (α|gn/2(α)) ∈ 2Z for all α ∈ L, then the order of φg is n; otherwise the order of φg
is 2n.
Next we discuss the conjugacy classes of lifts in AutVL. Recall that Lg = {β ∈ L |
(β|Lg) = 0} and P g0 is the orthogonal projection from R ⊗Z L to R ⊗Z Lg. For the
definitions of σv and D, see the previous subsection.
Lemma 4.5. Let ϕ ∈ O(Lˆ) and set g = ϕ¯.
(1) For v ∈ C⊗Z Lg, σvϕ is conjugate to ϕ by an element of D.
(2) For v ∈ P g0 (L∗)(= (Lg)∗), σvϕ is conjugate to ϕ by an element of D.
Proof. Let n be the order of g. Since the action of g on C ⊗Z Lg is fixed-point free, we
have
∑n−1
i=0 g
i = 0 on it. Set f =
∑n−1
i=1 ig
i. Then (g−1)f = −∑n−1i=1 gi+(n−1)id = n · id
on C⊗Z Lg. For v ∈ C⊗Z Lg, we obtain
σf(v/n)(σvϕ)(σf(v/n))
−1 = σv−(g−1)f(v/n)ϕ = ϕ,
which proves (1).
Let v ∈ P g0 (L∗). Then there exists v′ ∈ Q ⊗ Lg such that v + v′ ∈ L∗. Note that
σv+v′ = id on VL. It follows from (1) that σv+v′ϕ(= ϕ) is conjugate to σvϕ by an element
of D. Hence we obtain (2). 
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Proposition 4.6. For any isometry of L, its standard lift is unique up to conjugation by
D.
Proof. Let g ∈ O(L) and let φg and φ′g be standard lifts of g. By the exact sequence (4.1),
there exists v ∈ L∗/2 such that φ′g = σvφg. Since both φg and φ′g are standard lifts of g,
σv(e
α) = eα for all α ∈ Lg. Hence (v|Lg) ⊂ Z. Set v′ = P g0 (v). Then v′ ∈ (Lg)∗ since
(v′|α) = (v|α) ∈ Z for all α ∈ Lg. By Lemma 4.5 (1), φ′g = σvφg is conjugate to σv′φg by
an element of D, and by Lemma 4.5 (2), σv′φg is conjugate to φg by an element of D. 
Lemma 4.7. Assume that L has no norm 2 vectors. Let φg be a standard lift of g ∈ O(L)
and let µ be the group homomorphism described in (4.2).
(1) µ(CAutVL(φg)) = CO(L)(g).
(2) For ϕ ∈ µ−1(g), there exists v ∈ C ⊗Z Lg such that ϕ is conjugate to σvφg by an
element of D.
Proof. Clearly, µ(CAutVL(φg)) ⊂ CO(L)(g). Let f ∈ CO(L)(g) and let φf ∈ O(Lˆ) be a
standard lift of f . Since f commutes with g, we have f(Lg) = Lg. Hence φfφgφ
−1
f (e
α) = eα
for α ∈ Lg, that is, φfφgφ−1f is also a standard lift of g. By Proposition 4.6, there exists
σ ∈ D such that σφfφgφ−1f σ−1 = φg. Hence σφf ∈ CAutVL(φg) and µ(σφf) = f , which
proves (1).
Since the kernel of µ is D, there exists v ∈ h such that ϕ = σvφg. Set v′ = P g0 (v). Then
v− v′ ∈ C⊗Z Lg. By Lemma 4.5 (1), ϕ = σvφg is conjugate to σv′φg by an element of D.
Hence we obtain (2). 
4.3. Irreducible twisted modules for lattice VOAs. Let L be an even unimodular
lattice. Let g ∈ O(L) be of order n and φg ∈ O(Lˆ) be a standard lift of g. Then VL has a
unique irreducible φg-twisted VL-module, up to isomorphism ([DLM00]). Such a module
VL[φg] was constructed in [Le85, DL96] explicitly; as a vector space,
VL[φg] ∼= M(1)[g]⊗ C[P g0 (L)]⊗ T,
where M(1)[g] is the “g-twisted” free bosonic space, C[P g0 (L)] is the group algebra of
P g0 (L) and T is an irreducible module for a certain “g-twisted” central extension of L.
(see [Le85, Propositions 6.1 and 6.2] and [DL96, Remark 4.2] for detail). Recall that
dim T = |Lg/(1− g)L|1/2
and that the conformal weight ρT of T is given by
(4.3) ρT :=
1
4n2
n−1∑
j=1
j(n− j) dim h(j),
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where h(j) = {x ∈ h | g(x) = exp((j/n)2pi
√−1)x}. Note that M(1)[g] is spanned by
vectors of the form
x1(−m1) . . . xs(−ms)1,
where mi ∈ (1/n)Z>0 and xi ∈ h(nmi) for 1 ≤ i ≤ s.
In addition, the conformal weight of x1(−m1) . . . xs(−ms)⊗ eα ⊗ t ∈ VL[φg] is given by
s∑
i=1
mi +
(α|α)
2
+ ρT ,
where x1(−m1) . . . xs(−ms) ∈ M(1)[g], eα ∈ C[P g0 (L)] and t ∈ T . Note that mi ∈
(1/n)Z>0 and that the conformal weight of VL[φg] is ρT .
Let v ∈ Q ⊗Z Lg ⊂ h(0). Then σv has finite order on VL and commutes with φg. Note
that on (VL)1, (α|β) = 〈α|β〉 for α, β ∈ h. Let VL[φg](v) be the irreducible σvφg-twisted
VL-module defined as in Proposition 2.12. It is the unique irreducible σvφg-twisted VL-
module, up to isomorphism, and is also denoted by VL[σvφg]. By the action of ω
(v)
(1) (see
(2.5)), we know that the conformal weight of x1(−m1) . . . xs(−ms) ⊗ eα ⊗ t in VL[φg](v)
(mi ∈ (1/n)Z>0, α ∈ P g0 (Λ) and t ∈ T ) is
(4.4)
s∑
i=1
mi +
(α|α)
2
+ ρT + 〈v|α〉+ 〈v|v〉
2
=
s∑
i=1
mi +
(v + α|v + α)
2
+ ρT .
Notice that the conformal weight of VL[φg]
(v) is
1
2
min{(β|β) | β ∈ v + P g0 (L)}+ ρT .
By the explicit description of φg-twisted and σvφg-twisted vertex operators in [Le85,
DL96] and (2.4), the 0-th mode of v ∈ h(0) ⊂ (V σvφgL )1 on VL[φg](v) is given by
(4.5) x
(v)
(0)(w ⊗ eα ⊗ t) = (x|v + α)w ⊗ eα ⊗ t,
where w ∈M(1)[g], eα ∈ C[P g0 (L)] and t ∈ T .
Now, we assume that h(0) is a Cartan subalgebra of the reductive Lie algebra (V
σvφg
L )1;
note that this assumption is clearly satisfied when L is the Leech lattice Λ since (V
σvφg
Λ )1 =
h(0). Recall that VL[σvφg] is a module for (V
σvφg
L )1 via the 0-th product and (VL[σvφg])1 is
a submodule. Let Π(VL[σvφg]) (resp. Π((VL[σvφg])1)) be the set of h(0)-weights of VL[σvφg]
(resp. (VL[σvφg])1). The equation (4.5) above shows that the h(0)-weight of w ⊗ eα ⊗ t is
v + α ∈ h(0). Then, we have
Π(VL[σvφg]) = v + P
g
0 (L).
The following lemma is immediate from (4.4).
Lemma 4.8. Assume that ρT ≥ (1− 1/n).
(1) Π((VL[σvφg])1) = (v + P
g
0 (L))(2(1− ρT ))(= {x ∈ v + P g0 (L) | (x|x) = 2(1− ρT )}).
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(2) If one of the following holds, then Π((VL[σvφg])1) = {0}:
(i) ρT ≥ 1;
(ii) The minimum norm of v + P g0 (L) is greater than 2(1− ρT ).
5. Conjugacy class of the automorphism group of the Leech lattice VOA
In this section, we study conjugacy classes of the automorphism group of the Leech
lattice VOA. We use the same notation as in Sections 3 and 4 for the Leech lattice Λ,
the isometry group O(Λ) and the Leech lattice VOA VΛ. Note that for (non fixed-point
free) elements in O(Λ), the characteristic polynomials and the fixed-point sublattices are
summarized in [HL90, Table 1] (cf. [HM16]). Note also that the conjugacy class of a power
of an element of O(Λ)/〈−1〉 is described in [Wi83, Table 1]. Recall that for ϕ ∈ AutVΛ,
(V ϕΛ )1 = h(0) = {v ∈ h | µ(ϕ)(v) = v}, where µ : Aut VΛ → O(Λ) is the surjective map
given in (4.2). For an isometry g of Λ, let φg ∈ Aut VΛ denote a standard lift of g (see
Section 4.2) and ρT is the conformal weight of the subspace T of VΛ[φg] given in (4.3). For
the detail of the set Π((VΛ[ϕ])1) of h(0)-weights, see Sections 2.2 and 4.3. For the related
matrix M(·), see Section 2.1. Throughout this section, let X˜n denote the generalized
Cartan matrix of the affine root system of type X˜n.
Table 11: ϕ ∈ Aut VΛ and g = µ(ϕ) ∈ O(Λ)
|ϕ| dim(V ϕΛ )1 M(Π((VΛ[ϕ])1)) Conjugacy class of g |φg| ρT
4 10 A˜33 4C 4 3/4
5 8 A˜24 5B 5 4/5
6 6 D˜4 6G 12 11/12
7 6 A˜6 7B 7 6/7
8 10 A˜7 4C 4 3/4
8 6 D˜5 8E 8 7/8
10 8 D˜6 5B 5 4/5
Proposition 5.1. Let ϕ be an automorphism of VΛ. Assume that the order |ϕ| of ϕ,
dim(V gΛ )1 and the matrix M(Π((VΛ[ϕ])1)) are given as in a row of Table 11. Then
(1) g = µ(ϕ) belongs to the conjugacy class of O(Λ) given in the same row of Table 11;
(2) ϕ belongs to a unique conjugacy class of Aut VΛ.
Proof. By Lemma 4.7 (2), we may assume that ϕ = σvφg for some v ∈ C ⊗Z Λg, up to
conjugation in Aut VΛ. Since ϕ has finite order, v ∈ Q⊗Z Λg, and by Lemma 4.5 (2), we
may regard u as an element in (Q⊗Z Λg)/P g0 (Λ), up to conjugation in Aut VΛ. Note that
dim(V ϕΛ )1 is equal to the rank of Λ
g and that |g| divides |ϕ|. Note also that σv and φg are
mutually commutative since g(v) = v.
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By [HL90, Table 1] (cf. [HM16, p634]), if (|ϕ|, dim(V ϕΛ )1) = (4, 10), (5, 8), (7, 6), or
(8, 10), then the conjugacy class of g is uniquely determined as desired; if (|ϕ|, dim(V ϕΛ )1) =
(6, 6) (resp. (8, 6), (10.8)), then the conjugacy class of g is one of {3C, 6C,−6C,−6D, 6G}
(resp. {−4C, 4F, 8E}, {−2A, 5B}). We will show that it is 6G (resp. 8E, 5B) as in Table
11. Note that by using the characteristic polynomial of g (e.g. [HL90, Table 1]), one can
easily compute ρT .
First, g does not belong to the conjugacy class −2A, 3C, −4C and −6C; otherwise
ρT = 1, and by Lemma 4.8 (2), Π((VΛ[ϕ])1) = {0}, which contradicts the assumption.
Next, we suppose, for a contradiction, that g belongs to the conjugacy class 4F (resp.
6C, −6D). Set s = 8 (resp. 6, 6). Since g2 belongs to the conjugacy class 2C (resp.
2A, 2A), the order of φg is s by Lemmas 3.3 and 4.4. It follows from σ
s
v = id that
v ∈ (1/s)Λg. Recall from [HL90, Table 1] that Λg ∼= 2Z⊕6 (resp.
√
2E6,
√
3E∗6). Then
P g0 (Λ)
∼= (Λg)∗ ∼= (1/2)Z⊕6 (resp. (1/√2)E∗6 , (1/
√
3)E6) and its minimum norm is 1/4
(resp. 1/3, 1/3). By ρT = 15/16 (resp. 5/6, 5/6), Lemma 4.8 (2) and the assumption
Π((VΛ[ϕ])1) 6= {0}, v + P g0 (Λ) has vectors of norm 1/8 (resp. 1/3, 1/3). By the structure
of Λg, the coset v+P g0 (Λ) has exactly 4 (resp. 9, 10) vectors of norm 1/8 (resp. 1/3, 1/3);
notice that this number is independent of the choice of v ∈ (1/s)Λg. This contradicts the
assumption |Π((VΛ[ϕ])1)| = 6 (resp. 5, 5) by Lemma 4.8 (1). Thus we obtain (1).
Let us prove (2). For the conjugacy classes specified in (1), ρT and |φg| are summarized
in Table 11. Since µ is surjective, we may fix g up to conjugation in AutVΛ. Let n be the
order of g.
We suppose, for a contradiction, that ϕ = φg. By Table 11, ρT ≥ (n−1)/n. In addition,
by Lemma 3.1 (2), the minimum norm of P g0 (Λ) is greater than 2(1−ρT ). By Lemma 4.8
(2), we have Π((VΛ[ϕ])1) = {0}, which contradicts the assumption. Hence ϕ 6= φg, and
v /∈ P g0 (Λ). By Lemma 4.8 (1), v + P g0 (Λ) has vectors of norm 2(1− ρT ).
Let us show that v+P g0 (Λ) is unique, up to the action of CO(Λ)(g). If (|ϕ|, dim(V gΛ )1) =
(6, 6) (resp. (8, 10) or (10, 8)), then (|φg|, |ϕ|) = (2n, n) (resp. (n, 2n)) and hence |σv| =
2n. This implies that v ∈ (1/2n)Λg. Since v + P g0 (Λ) has vectors of norm 2(1 − ρT ),
we have v + P g0 (Λ) ∈ Λ(g, 1/2n, 1/n) (resp. Λ(g, 1/2n, 2/n)). (For the definition of
Λ(g, p, q), see (3.1).) For the other cases, |φg| = |ϕ| = n, and v ∈ (1/n)Λg. Hence
v + P g0 (Λ) ∈ Λ(g, 1/n, 2/n). Then by Lemma 3.1 (3), (4), (5) (see also Tables 6, 7, 8, 9
and 10), the assumption on M(Π((VΛ[ϕ])1)) in Table 11 and Lemma 4.8 (1), v + P g0 (Λ)
is unique up to the action of CO(Λ)(g).
Since µ(CAutVΛ(φg)) = CO(Λ)(g) (see Lemma 4.7 (1)), ϕ = σvφg is unique, up to conju-
gation in Aut VΛ. Therefore we obtain (2). 
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Remark 5.2. (1) In the cases (|ϕ|, dim(V gΛ )1) = (6, 6), (8, 10) and (10, 8), the order of σv
is actually 2n; indeed v /∈ (p/n)Λg for any integer p relatively prime n by using the
tables of Lemma 3.1 and the minimum norm of v + P g0 (Λ).
(2) In the case (|ϕ|, dim(V gΛ )1) = (6, 6), we could check that φ6g = σ6v directly. Hence the
order of ϕ = σvφg is actually six.
6. Uniqueness of holomorphic VOAs of central charge 24
In this section, we will prove the main theorem using Theorem 2.21 and the Leech
lattice VOA.
Let V be a strongly regular holomorphic VOA of central charge 24 whose weight one
Lie algebra has the type A33,4A1,2, A
2
4,5, D4,12A2,6, A6,7, A7,4A
3
1,1, D5,8A1,2 or D6,5A
2
1,1. Set
g = V1 =
⊕t
i=1 gi, where gi are simple ideals. Let n be the least common multiple of the
Coxeter numbers of gi, namely, n = 4, 5, 6, 7, 8, 8 or 10, respectively. Let ki be the level
of gi. Let h be a Cartan subalgebra of g. We fix a set of simple roots. Let ρ˜i be the sum
of all fundamental (co)weights of gi. As in Lemma 2.10, we set
(6.1) u :=
t∑
i=1
1
hi
ρ˜i, σ := σu = exp(−2pi
√−1u(0)) ∈ Aut V.
By Lemma 2.10, we have 〈u|u〉 ∈ (2/n)Z. By Lemma 2.4, the restriction of σ to g is a
regular automorphism of order n. Hence V σ1 = g
σ = h.
Let U be the subVOA of V generated by V1. By Proposition 2.8, U ∼=
⊗t
i=1 Lgi(ki, 0).
Then U is strongly regular and by Proposition 2.9, the conformal vectors of U and V are
the same. Hence V is a direct sum of finitely many irreducible U -submodules.
Lemma 6.1. The spectrum of u(0) on V belongs to (1/n)Z and the order of σ on V is n.
Proof. Let M ∼= ⊗ti=1 Lgi(ki, λi) be an irreducible U -submodule of V . Since U and V
share the same conformal vector, the conformal weight of M is an integer. In addition,
if M 6= U , then the conformal weight of M is at least 2 since U0 = V0 and U1 = V1. By
Lemma 2.19 (1), σn acts on M as the identity operator. Clearly, σ acts on U as an order
n automorphism. Hence, the order of σ is n on V . The assertion on the spectrum of u(0)
has also been verified by the claim (i) in the proof of Lemma 2.19 (1). 
Consider the irreducible σj-twisted V -module V (ju) constructed in Proposition 2.12 for
1 ≤ j ≤ n− 1. Note that σj = σj−n by Lemma 6.1.
Proposition 6.2. For 1 ≤ j ≤ n − 1, the conformal weight of V (ju) belongs to (1/n)Z
and is at least 1.
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Proof. By (2.5), 〈u|u〉 ∈ (2/n)Z and Lemma 6.1, the conformal weight of V (ju) belongs
to (1/n)Z. For any irreducible U -submodule M of V , the conformal weight of M (ju) is at
least 1 (see Lemma 2.19 (2)), and we obtain the result. 
By Proposition 6.2, σ satisfies the conditions (I) and (II) of Theorem 2.20; let V˜σ be
the strongly regular holomorphic VOA of central charge 24 obtained by applying the
Zn-orbifold construction to V and σ.
Proposition 6.3. The VOA V˜σ is isomorphic to the Leech lattice VOA.
Proof. For each case, one can show that dim(V˜σ)1 = 24 by using the dimension formula
in Section 2.7 and Table 12; note that U(1) means a 1-dimensional abelian Lie algebra.
By Proposition 2.9, V˜σ is isomorphic to the Leech lattice VOA. 
Table 12. Dimensions of V σ
i
1
n V1 dim V1 V
σ
1 dimV
σ
1 V
σ2
1 dimV
σ2
1 V
σ(n/2)
1 dimV
σ(n/2)
1
4 A33,4A1,2 48 U(1)
10 10 A71U(1)
3 24
5 A24,5 48 U(1)
8 8
6 D4,12A2,6 36 U(1)
6 6 A31U(1)
3 12 A2A
4
1 20
7 A6,7 48 U(1)
6 6
8 A7,4A
3
1,1 72 U(1)
10 10 A71U(1)
3 24 A23A
3
1U(1) 40
8 D5,8A1,2 48 U(1)
6 6 A41U(1)
2 14 A3A
3
1 24
10 D6,5A
2
1,1 72 U(1)
8 8 A61U(1)
2 20 A23U(1)
2 32
Remark 6.4. For the cases A33,4A1,2, A
2
4,5, D4,12A2,6 and A6,7, by using the explicit action of
V σ1 on V [σ
i]1, one could show that (V˜σ)1 is abelian, which also shows that V˜σ is isomorphic
to the Leech lattice VOA by Proposition 2.9.
Theorem 1.1, the main theorem of this article, is a corollary of the following theorem:
Theorem 6.5. Let V be a strongly regular holomorphic VOA of central charge 24 such
that the Lie algebra structure of V1 is A
3
3,4A1,2, A
2
4,5, D4,12A2,6, A6,7, A7,4A
3
1,1, D5,8A1,2 or
D6,5A
2
1,1. Then V is isomorphic to the holomorphic VOA (V˜Λ)ϕ, where ϕ is an automor-
phism in the conjugacy class of Aut VΛ in Proposition 5.1 (see also Table 11) with the
property (|ϕ|, dim(V ϕΛ )1) = (n,Lie rank of V1).
Proof. Set g = A33,4A1,2, A
2
4,5, D4,12A2,6, A6,7, A7,4A
3
1,1, D5,8A1,2 or D6,5A
2
1,1. Then n =
4, 5, 6, 7, 8, 8 or 10, respectively. It suffices to verify the hypotheses in Theorem 2.21 for g,
p = h andW = VΛ. Take u ∈ h as in (6.1) and set σ = σu. Then the order of σ is n on V by
Lemma 6.1. The hypothesis (a) holds by the definition of u and (b) holds by Proposition
26
6.3. The hypothesis about the uniqueness of the conjugacy class follows from Proposition
5.1. Here, we use the condition (B’) in Remark 2.22. The detail is as follows. Let i be an
integer relatively prime to n and let g(i) = {x ∈ g | σ(x) = exp((i/n)2pi
√−1)x}. Note that
for a simple ideal s of g whose the Coxeter number is less than n, we have s ∩ g(i) = {0}.
Hence g(i) is contained in the ideal of g of type A
3
3, A
2
4, D4, A6, A7, D5 or D6, respectively.
Let Π(g(i)) be the set of h-weights of g(i). By Lemma 2.6, M(Π(g(i))) is equivalent to
the generalized Cartan matrix of type A˜33, A˜
2
4, D˜4, A˜6, A˜7, D˜5 or D˜6, respectively. By
Proposition 5.1, the conjugacy class is uniquely determined by the conditions (A) and
(B’). 
Remark 6.6. In [LS16b], a strongly regular holomorphic VOA of central charge 24 whose
weight one Lie algebra has the type A6,7 was constructed explicitly from the Leech lattice
VOA and an order 7 automorphism in the conjugacy class described in Proposition 5.1.
By the same manner, we could prove that ((V˜Λ)ϕ)1 is isomorphic to g directly in Theorem
6.5. However, we omit the proof since the “reverse” process guarantees this isomorphism.
Remark 6.7. In Proposition 6.3, we obtain the Leech lattice VOA by the orbifold con-
structions. Considering the reverse process, we obtain holomorphic VOAs of central
charge 24 whose weight one Lie algebras have type A33,4A1,2, A
2
4,5, D4,12A2,6, D5,8A1,2,
A7,4A
3
1,1 or D6,5A
2
1,1 from the Leech lattice VOA by Zn-orbifold constructions, where
n = 4, 5, 6, 8, 8, 10, respectively, which are different from the previous constructions
([La11, LS16a, EMS]). Therefore we also obtain alternative constructions for these VOAs.
Remark 6.8. Recently, the uniqueness for 15 cases has been established in [EMS2], which
includes the 3 cases A24,5, A1,2A
3
3,4 and B8,1E8,2 that we have discussed in this article and
in [LS15]. Up to now, there are still 9 remaining cases for the uniqueness part:
F4,6A2,2, E7,3A5,1, D7,3A3,1G2,1, C4,10, A5,6C2,3A1,2,
D5,4C3,2A
2
1,1, A3,1C7,2, E6,4A2,1C2,1 and ∅.
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